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Abstract. We describe and analyze two numerical methods for a linear elliptic problem with
stochastic coefficients and homogeneous Dirichlet boundary conditions. Here the aim of the com-
putations is to approximate statistical moments of the solution, and, in particular, we give a priori
error estimates for the computation of the expected value of the solution. The first method gener-
ates independent identically distributed approximations of the solution by sampling the coefficients
of the equation and using a standard Galerkin finite element variational formulation. The Monte
Carlo method then uses these approximations to compute corresponding sample averages. The sec-
ond method is based on a finite dimensional approximation of the stochastic coefficients, turning the
original stochastic problem into a deterministic parametric elliptic problem. A Galerkin finite element
method, of either the h- or p-version, then approximates the corresponding deterministic solution,
yielding approximations of the desired statistics. We present a priori error estimates and include a
comparison of the computational work required by each numerical approximation to achieve a given
accuracy. This comparison suggests intuitive conditions for an optimal selection of the numerical
approximation.
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1. Introduction. Due to the great development in computational resources and
scientific computing techniques, more mathematical models can be solved efficiently.
Ideally, this artillery could be used to solve many classical partial differential equa-
tions, the mathematical models we shall focus on here, to high accuracy. However, in
many cases, the information available to solve a given problem is far from complete
and is in general very limited. This is the case when solving a partial differential
equation whose coefficients depend on material properties that are known to some ac-
curacy. The same may occur with its boundary conditions and even with the geometry
of its domain; see, for example, the works [5, 4]. Naturally, since the current engi-
neering trends are going toward more reliance on computational predictions, the need
for assessing the level of accuracy in the results grows accordingly. More than ever,
the goal then becomes to represent and propagate uncertainties from the available
data to the desired result through our partial differential equation. By uncertainty
we mean either intrinsic variability of physical quantities or simply lack of knowledge
about some physical behavior; cf. [38]. If variability is interpreted as randomness,
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then naturally we can apply probability theory. To be fruitful, probability theory
requires considerable empirical information about the random quantities in question,
usually in the form of probability distributions or their statistical moments. On the
other hand, if the only available information comes in the form of some bounds for
the uncertain variables, the description and analysis of uncertainty may be based on
other methods, such as convexity methods; cf. [8, 18]. This approach is closely related
to the so-called worst case scenario.

This work addresses elliptic partial differential equations with stochastic coef-
ficients, with applications to physical phenomena, e.g., random vibrations, seismic
activity, oil reservoir management, and composite materials; see [2, 17, 19, 22, 27, 28,
30, 39, 43] and the references therein. Solving a stochastic partial differential equation
entails finding the joint probability distribution of the solution, which is a hard prob-
lem. In practice we shall usually be satisfied with much less, namely, the computation
of some moments, e.g., the expected value of the solution, or some probability related
to a given event, e.g., the probability of some eventual failure; cf. [26, 34]. Although
the results presented in this paper can be generalized to linear elliptic stochastic
partial differential equations we now focus our study on the standard model prob-
lem, a second order linear elliptic equation with homogeneous Dirichlet boundary
conditions.

Let D be a convex bounded polygonal domain in R? and (2, F, P) be a complete
probability space. Here ( is the set of outcomes, F C 2 is the o-algebra of events,
and P : F — [0,1] is a probability measure. Consider the following stochastic linear
elliptic boundary value problem: find a stochastic function, u : Q@ x D — R, such that
P-a.e. in Q, or, in other words, almost surely (a.s.), the following equation holds:

-V (a‘(wa ')Vu(wa )) = f(wv ) on D,

(L.1) u(w,-) =0 on dD.

Here a, f : Q x D — R are stochastic functions with continuous and bounded co-
variance functions. If we denote by B(D) the Borel o-algebra generated by the open
subsets of D, then a, f are assumed measurable with the o-algebra (F @ B(D)). In
what follows we shall assume that a is bounded and uniformly coercive, i.e.,

(1.2) 3 amin, Gmax € (0, 400) : P(w € Q: a(w, ) € [amin, Amax] YT € 5) =1.

To ensure regularity of the solution u we assume also that a has a uniformly bounded
and continuous first derivative; i.e., there exists a real deterministic constant C' such
that

(1.3) PweQ: a(w,”) € C'(D) and max|Va(w,")|<C) =1
D
and that the right-hand side in (1.1) satisfies

(1.4) / / f*(w,z)dr dP(w) < +oo, which implies / fA(w,z)dr < 400 as.
aJp D
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Depending on the structure of the noise that drives an elliptic partial stochastic
differential equation, there are different numerical approximations. For example, when
the size of the noise is relatively small, a Neumann expansion around the mean value
of the elliptic operator in (1.1) is a popular approach. It requires only the solution
of standard deterministic partial differential equations, the number of them being
equal to the number of terms in the expansion. Equivalently, a Taylor expansion of
the solution around its mean value with respect to the noise yields the same result.
Similarly, the work [30] uses formal Taylor expansions up to second order of the
solution but does not study their convergence properties. Recently, the work [3]
proposed a perturbation method with successive approximations. It also proves that
uniform coercivity of the diffusion is sufficient for the convergence of the perturbation
method.

When only the load f is stochastic, it is also possible to derive deterministic
equations for the statistical moments of the solution. This case was analyzed in [1, 32]
and more recently in the work [40], where a new method to solve these equations with
optimal complexity is presented.

On the other hand, the works by Deb [14], Deb, Babuska, and Oden [15], Ghanem
and Red-Horse [21], and Ghanem and Spanos [22] address the general case where all
the coefficients are stochastic. Both approaches transform the original stochastic
problem into a deterministic one with a large dimensional parameter, and they differ
in the choice of the approximating functional spaces. The works [14, 15] use finite ele-
ments to approximate the noise dependence of the solution, while [21, 22] use a formal
expansion in terms of Hermite polynomials. The approximation error in the approach
[14, 15] can then be bounded in terms of deterministic quantities, as described in this
work. After finishing this paper the authors became aware of the work [9], which de-
veloped a related error analysis for elliptic stochastic differential equations. The work
[9] gives approximation error estimates for functionals of the solution, while our work
focuses on error estimates for the strong approximation of the statistical moments
of the solution. Besides, we use the Karhunen—Loéve expansion and characterize the
regularity of the solution, yielding, e.g., exponential rates of convergence; cf. section
6. On the other hand, the analysis in [9] uses the regularity of the computed func-
tional together with estimates in negative spaces for the approximation error in the
solution of the stochastic partial differential equation. This negative estimate can in
principle accommodate rough solutions; however, they require H? spatial regularity,
an assumption that is not clearly fulfilled by rough solutions.

Monte Carlo methods are both general and simple to code, and they are naturally
suited for parallelization. They generate a set of independent identically distributed
(iid) approximations of the solution by sampling the coefficients of the equation, using
a spatial discretization of the partial differential equation, e.g., by a Galerkin finite
element method. Then using these approximations we can compute corresponding
sample averages of the desired statistics. Monte Carlo methods have a rate of con-
vergence that may be considered slow, but its computational work grows only like a
polynomial with respect to the number of random variables present in the problem.
It is worth mentioning that in particular cases their convergence can be accelerated
by variance reduction techniques; see [29]. The convergence rate of the Monte Carlo
method is interpreted in the probability sense, and a practical estimate of its error
needs an a posteriori estimate of the variance of the sampled random variable, which
in turn requires an a priori bound on higher statistical moments; cf. the Berry-Essen
theorem in [16]. Besides this, if the probability density of a random variable is smooth,
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the convergence rate of the Monte Carlo method for the approximation of its expected
value can be improved; cf. [35, 45]. Quasi-Monte Carlo methods (see [12, 41, 42])
offer a way to get a better convergence rate than the Monte Carlo method, although
this advantage seems to deteriorate in general when the number of random variables
present in the problem becomes large.

Another way to provide a notion of stochastic partial differential equations is
based on the Wick product and the Wiener chaos expansion; see [27] and [46]. This
approach yields solutions in Kondratiev spaces of stochastic distributions that are
based on a different interpretation of (1.1); the solutions proposed in [27] and [46]
are not the same as those arising from (2.1). The choice between (2.1) and [27] is a
modeling decision, based on the physical situation under study. For example, with
the Wick product we have F[a ¢ u]| = E[a]E[u], regardless of the correlation between
a and u, whereas this is in general not true with the usual product. A numerical ap-
proximation for Wick stochastic linear elliptic partial differential equations is studied
in [44], yielding a priori convergence rates.

This work studies the case of stochastic linear elliptic partial differential equa-
tions with random diffusion and load coefficients, stating and proving conditions for
existence and uniqueness of solutions; for example, to obtain a meaningful numerical
solution for (1.1) its diffusion coefficient should be uniformly coercive. Besides, it
compares a Monte Carlo Galerkin method with the stochastic Galerkin finite element
method introduced in [14] and introduces a related p-version, developing a priori er-
ror estimates for each case. A priori error estimates are useful to characterize the
convergence, and ultimately they provide information to compare the number of op-
erations required by numerical methods. The conclusion for now is that if the noise
is described by a small number of random parameters or if the accuracy require-
ment is sufficiently strict, then a stochastic Galerkin method is preferred; otherwise,
a Monte Carlo Galerkin method still seems to be the best choice; see section 8. It is
worth mentioning that the development of numerical methods for stochastic differen-
tial equations is still very much ongoing, and better numerical methods are expected
to appear.

2. Theoretical aspects of the continuous problem.

2.1. Notation and function spaces. Let d be a positive integer and D be
an open, connected, bounded, and convex subset of R¢ with polygonal boundary
dD. Denote the volume of D by |D| = [, 1dz. For a nonnegative integer s and
1 < p < 400, let W4(D) be the Sobolev space of functions having generalized
derivatives up to order s in the space L4(D). Using the standard multi-index notation,
a = (a1,...,0q) is a d-tuple of nonnegative integers, and the length of « is given by
la] = Zle a;. The standard Sobolev norm of v € W#9(D) will be denoted by
llvllwe.a(py, 1 < q < +o00. Whenever ¢ = 2, we shall use the notation H*(D) instead
of W#2(D). As usual, the function space HJ (D) is the subspace of H'(D) consisting
of functions which vanish at the boundary of D in the sense of trace, equipped with
the norm |[v[| g1 (py = {[, |Vv|?dz}/2. Whenever s = 0 we shall keep the notation

with LI(D) instead of W%4(D). For the sake of generality, sometimes we shall let H
be a Hilbert space with inner product (-,-),,. In that case we shall also denote the

dual space of H, H', that contains linear bounded functionals, £ : H — R, and is
endowed with the operator norm | L[|z = supg_,e i %

Since stochastic functions intrinsically have different structure with respect to
w and with respect to x, the analysis of numerical approximations requires tensor
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spaces. Let Hi, Hy be Hilbert spaces. The tensor space H; ® Hy is the completion
of formal sums u(y, ) = >, , vi(y)wi(z), {vi} C Hi, {w;} C Ha, with respect
to the inner product (u, @) m,on, = >_; ;(vi,9;)m, (Wi, W))H,. For example, let us
consider two domains, y € I,z € D, and the tensor space L?(I') ® H!(D), with tensor
inner product

(u, @) L2y (D) = /F (/D u(yw)ﬁ(y,x)dac) dy

+ /F < /D Vzu(y,m)'vmﬂ(y,x)dm> dy.

Thus, if u € L?(T') ® H*(D), then u(y,-) € H*(D) a.e. on I' and u(-,z) € L?
a.e. on D. Moreover, we have the isomorphism L?*(T') ® H*(D) ~ L*(T'; H*(D)) ~
H¥*(D; L?(T")) with the definitions

— .

L*(T; H*(D))

= {v :I'x D — R | v is strongly measurable and / lo(y, ')H?{’””(D) < —i—oo} ,
r

HE(D; L2(T))
= {v :T x D — R | v is strongly measurable and V|a| < k 3 0% € L*(T') ® L*(D)

with /F/D8av(y,ac)<,0(y,30)dacdy:(—1)‘(1|

/F/D v(y, x)0ap(y, x)daxdy Vo € C;° (T x D)}

Similar constructions can be done for the tensor product of Banach spaces, although
the norm for the tensor space used to obtain the completion of the formal sums has
to be defined explicitly on each case. Here the Banach space C(I'; H) comprises all
continuous functions u : I' — H with the norm [|ul|¢(r;z) = supyer [[w(y)|m. Similar
definitions apply to the spaces C*(I'; H), k=1,...; cf. [20, p. 285].

Let Y be an R -valued random variable in (2, F, P). If Y € L5(£), we denote its
expected value by E[Y] = [, Y (w)dP(w) = [on ¥ duiy (y), where 1y is the distribution
measure for Y, defined for the Borel sets b € B(RY) by py (b)) = P(Y1(D)). If py
is absolutely continuous with respect to the Lebesgue measure, then there exists a
density function py : R — [0,+00) such that E[Y] = [on ¥ py(y)dy. Analogously,
whenever Y; € L%(Q) for i = 1,...,d, the covariance matrix of Y, Cov[Y] € R¥*9 s
defined by Cov[Y](i,5) = Cou(Y;,Y;) = E[(Y; — EY)(Y; — EY;))]. i,j = 1,....d.
Besides this, whenever u(w, ) is a stochastic process the positive semidefinite function
Covlu)(z1, z2) = Cov[u(z1),u(z2)] = Cov[u(xz),u(x1)] is the covariance function of
the stochastic process .

To introduce the notion of stochastic Sobolev spaces we first recall the defini-
tion of stochastic weak derivatives. Let v € L%(Q) @ L?(D); then the «a stochastic
weak derivative of v, w = d4v € L%(Q) ® L*(D), satisfies [, v(w,2)0%¢(x)dx =
(=1)lel [, w(w, z)¢(z)dz Ve € C(D) as.

We shall work with stochastic Sobolev spaces Ws’q(D) = LL(Q,W51(D)) con-
taining stochastic functions, v : 2 x D — R, that are measurable with respect to the



Downloaded 12/04/25 to 128.62.208.154 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

FEM FOR STOCHASTIC ELLIPTIC PDEs 805

product o-algebra F ® B(D) and equipped with the averaged norms ||v|\V~VS’q(D) =
Bl )1 = (E[Y gz S [0°0]7da]) /9, 1 < g < 400, and [0] g ) =
max|q|<s ( €ss supg, p [0%v| ). Observe that if v € WS’(J(D)7 then v(w,-) € W*=9(D)
a.s. and 0%v(-,z) € LEL(Q2) a.e. on D for |o] < s. Whenever ¢ = 2, the above space

is a Hilbert space, i.e., WS2(D) = H*(D) ~ L%(Q) ® H*(D).

2.2. Existence and uniqueness for the solution of a linear stochastic
elliptic problem. Let us consider the tensor product Hilbert space H = HJ (D) =~
L%(; Hy(D)) endowed with the inner product (v,u), = E[[,, Vv - Vudz].

Define the bilinear form, B : H x H — R, by B(v,w) = E[fD aVv-Vwdz] Vv, w €
H. The standard assumption (1.2) yields both the continuity and the coercivity of
B; ie., |B(v,w)| < amaz |v]la 0|z Vo,w € H, and amin||v]|3 < B(v,v)Vv € H.
A direct application of the Lax—Milgram lemma (cf. [11]) implies the existence and
uniqueness for the solution to the following variational formulation: find v € H such
that

(2.1) B(u,v) = L(v) Yv € H.

Here L(v) = E[[}, fvdz] Vv € H defines a bounded linear functional since the random
field f satisfies (1.4). Since the domain D is convex and bounded and assumptions
(1.2), (1.3) on the diffusion a hold, the theory of elliptic regularity (cf. [20]) implies
that the solution of (1.1) satisfies u(w,-) € H?(D) N H}(D) a.s. Moreover, standard
arguments from measure theory show that the solution to (2.1) also solves (1.1). The
formulation (2.1), together with assumption (2.1) on finite dimensional noise, gives
the basis for the stochastic Galerkin finite element method (SGFEM) introduced in
sections 5 and 6, while formulation (1.1) is the basis for the Monte Carlo Galerkin
finite element method (MCGFEM), discussed in section 4.

2.3. Continuity with respect to the coefficients a and f. Since the coeffi-
cients a and f are not known exactly, in the next proposition we consider a perturbed
weak formulation and estimate the size of the corresponding perturbation in the so-
lution. The proof uses standard estimates and is included in [6].

PROPOSITION 2.1. Let (H,(-,-)x) be a Hilbert space. Consider two symmetric
bilinear forms B,g: H x H — R that are H-coercive and bounded; i.e., there exist
real constants 0 < Gpmin < Amaz Such that

(2.2) min |[0]2 < min{B(v,v), B(v,v)} Yve H
and
(2.3) max{|B(v, )], |B(v,w)|} < amaz |[v]ln |w]ls Yv,w e H.

Consider two bounded linear functionals, L, Le H', and let u,i € H be the solutions
of the problems

B(u,v) = L(v) Vv e H,

B(a,v) = L(v) Yv € H.
If, in addition, we know that there exist Banach spaces, V1,Va, and positive constants,
Cr, suchthatu e Vo CHCV, |||y, <C| - |lu, and

(2.4) (B = B)(w,v)] < [[wlvi |[vllv, Vw € H, ve Vs,
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then
1

Amin

(2.5) lu—allg < (1€ = Lllzzr + O l[ullvz).

Next we consider a perturbation of (2.1). A direct application of Proposition 2.1
yields the following estimate.
COROLLARY 2.1. Let1 < p < +oo with 1/p+1/q = 1. Consider the Hilbert space

H = ﬁ& (D) and perturbed coefficients, a, f, satisfying 0 < amin < @ < Gmaz < 00,
(P®dz) a.e. on DxQ, f € L*(D). Letu and @ solve E| [, aVi-Vudz] = E[[,, fvdz]
Yv € H,E[[,aVu - Vvdx] = E[[,, fvdz]¥Yv € H. Besides this, assume that the

solution u belongs to the stochastic Sobolev space WLQ‘I(D). Then

||’LL - a”ﬁé(D) < ﬁ(CDHf - fHEz(D) + ”a‘ - d”ZQp(D)Hu”{A/{/I,Zq(D))?
with Cp > 0 being the Poincaré constant for the domain D; i.e., ||v]|r2(py < Cp
loll2 ()0 € HE(D).

Proof. Take V; = ﬁ& (D) and V5 = Wl’zq(D). In order to apply (2.5) it is enough
to bound the difference of bilinear forms

‘E UD(a —)Vu- de] . )
< (E UD(a— &)2|Vu2dlx/]2> (E UD |W|2d41/>2 )
< (E UD(a—a)QPda:D ’ (E UDWUFWD ' (E UDWUFda;D .

2.4. Karhunen—Loéve expansions and finite dimensional noise. Here we
recall the Karhunen—Loeve expansion, a suitable tool for the approximation of stochas-
tic processes. Consider a stochastic process a with continuous covariance function
Covla] : D x D — R. Besides this, let {(\,,b,)}5%; denote the sequence of eigenpairs
associated with the compact self-adjoint operator that maps

feL*D)— / Covla)(z,-) f(z)dx € L*(D).
D

Its nonnegative eigenvalues, \/fDxD(Cov[a](xl,xg))zdxl dre > Ay > Ao > -+ >0,

satisfy Z:ﬁ A = [, Varla](z)dz. The corresponding eigenfunctions are orthonor-
mal, ie., [, b;i(x)b;(x)dr = ;. The truncated Karhunen-Loéve expansion of the
stochastic process a (cf. [33]) is

N
ay(w,7) = Ela)(z) + Y VAnba(2)Yn(w),
n=1

where the real random variables, {Y,,}5° ;, are mutually uncorrelated and have mean
zero and unit variance. These random variables are uniquely determined by Y, (w) =
\/%7 Jpla(w,z) — Ela](z))by(x)dx for A, > 0. Then, by Mercer’s theorem (cf.
[37,' p. 245]), we have

“+o0
sup E[(a — ay)?|(x) = sup Z Ab2(x) =0 as N — oo.
z€D xz€D n=N+1
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If, in addition,
e the images Y, (), n =1,..., are uniformly bounded in R,
e the eigenfunctions b, are smooth, which is the case when the covariance
function is smooth,
e and the eigenpairs have at least the decay /Au||bnllr=(p)y = (’)(ﬁ) for
some s > 1,

then ||a — — 0. Notice that for larger values of the decay exponent s we

an ”foc(D) R
can also obtain the convergence of higher spatial derivatives of ay in L°°(D). The
last two conditions can be readily verified once the covariance function of @ is known.
However, observe that it is also necessary to verify the uniform coercivity of an, which
depends on the probability distributions of Y,,, n =1,....

In many problems the source of the randomness can be approximated using just
a small number of mutually uncorrelated, sometimes mutually independent, random
variables. Take, for example, the case of a truncated Karhunen—Loéve expansion
described previously.

Assumption 2.1 (finite dimensional noise). Whenever we apply some numer-
ical method to solve (1.1) we assume that the coefficients used in the computa-
tions, a,f : Q@ x D — R, are finite Karhunen—Loéve expansions; i.e., a(w,z) =
Ela)(z) + Y0, VAuba(2)Yy (@) and f(w,z) = B[fl(x) + Yon_; VAnba(2)Ya(w),
where {Y,,}N_, are real random variables with mean value zero and unit variance,
are uncorrelated, and have images, I';, = Y,,(Q2), that are bounded intervals in R for
n=1,...,N. Moreover, we assume that each Y,, has a density function p,, : I';, — R
forn=1,...,N.

In what follows we use the notation p(y) Vy € T for the joint probability density
of (Y1,...,Yy)and I' = ngl I',, € RY for the support of such probability density.

After making Assumption 2.1, we have by the Doob-Dynkin lemma (cf. [36]) that
u, the solution corresponding to the stochastic partial differential equation (1.1), can
be described by just a finite number of random variables, i.e., u(w, z) = u(Y1(w),. ..,
Yn(w),z). The number N has to be large enough so that the approximation error is
sufficiently small. Now the goal is to approximate the function u(y, ). In addition, the
stochastic variational formulation (2.1) has a deterministic equivalent in the following:
find u € L2(T") ® Hj(D) such that

/F o(v) /D a(y, 2)Va(y, z) - Voly, z)dedy

(2.6)

- / o(v) / f (g, 2)o(y,2)dzdy ¥ v € I3(T) @ HL(D).
I D

In this work the gradient notation, V, always means differentiation with respect to
x € D only, unless otherwise stated. The corresponding strong formulation for (2.6)
is an elliptic partial differential equation with an N-dimensional parameter, i.e.,

(27) -V (a(y,x) Vu(y, ‘r)) = f(y; l‘) V(y, l‘) el'x D,
u(y,x) =0 V(y,z) € I' x 0D.

Making Assumption 2.1 is a crucial step, turning the original stochastic elliptic equa-
tion (1.1) into a deterministic parametric elliptic one and allowing the use of finite
element and finite difference techniques to approximate the solution of the resulting
deterministic problem.



Downloaded 12/04/25 to 128.62.208.154 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

808 IVO BABUSKA, RAUL TEMPONE, AND GEORGIOS E. ZOURARIS

Truncation of the outcomes set, I'. For the sake of efficiency, it may be useful
to compute the solution of (2.7) in a subdomain with strictly positive probability,
Ty C T. Besides, we assume the probability density of Y to be strictly positive in T'g.
In that case, we approximate the function

Elu(Y,-) 1iyery] = E[u(Y,)|Y € Ty] P(Y €Ty)

instead of the original F[u]. If @ is an approximation of u in Ty, then we have the
splitting

(2.8)
[E[u(Y, )] = Elu(Y, ") Liyerglll
< E[uY, )] = Eu(Y, ) Liyvergll + [[E[uw(Y, ) —a(Y, )Y € Lol P(Y € T).

Property 2.1 below gives a simple estimate for the first error contribution, which is
related to the truncation of I'. The second error contribution in (2.8) is the discretiza-
tion error, and it will be analyzed for each numerical approximation separately; see
sections 4, 5, and 6. In those sections we shall simplify the notation by writing I' = T'g
and work with the corresponding conditional probability space.

PROPERTY 2.1. Let u be the solution of the problem (2.7); then there exists a
constant C' such that

(2.9)  ||E[u(Y,)]-Elu(Y,") 1{Y€F}]HH3(D) < CVPY ¢To) [ fllezrro)erz(p)-

3. The finite element spaces. In this section, we define tensor product finite
element spaces on the set I' x D, which we will use to construct approximations of the
solution of the parametric boundary value problem (2.7), stating their approximation
properties.

3.1. Finite element spaces on the spatial set D C R%: h-version. Con-
sider a family of finite element approximation spaces, X ,’f C HE(D), consisting of
piecewise linear continuous functions on conforming triangulations (of simplices), 7,2,
of the convex polyhedral domain, D C R?, with a maximum mesh spacing parameter
h > 0. We will always assume that the triangulations are nondegenerate (sometimes
also called regular); cf., [11, p. 106]. Then (cf. [11, 13]) the finite element spaces X!
satisfy a standard approximation estimate, namely, that for all v € H?(D) N Hg (D)

(3.1) ngi)gi lv=xllm 0y £ Ch|vllm2(p),

where C' > 0 is a constant independent of v and h.

3.2. Tensor product finite element spaces on the outcomes set I' C

R™: k-version. Let I' = HnN:1 I',, be as in subsection 2.4. Consider a parti-
tion of T' consisting of a finite number of disjoint R¥-boxes, v = H,]Ll(ag,bg),
with (a),b)) C T\, for n = 1,...,N. The mesh spacing parameters, k, > 0,
are defined by k, = max, |b) — a]| for 1 <n < N. For every nonnegative inte-
ger multi-index ¢ = (q1,...,qn) consider the finite element approximation space of

(discontinuous) piecewise polynomials with degree at most ¢, on each direction y,,
V,? c L*(T). Thus, if ¢ € Y}, its restriction to each of the partition boxes satisfies
vly € Spam(]_[:z:1 yor : an € Nand oy < g, n = 1,...,N). It is easy to verify
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that the finite element spaces Y,! have the following approximation property: for all
v € HITYT),

N n+1 +1
k q ||aq” UHL2(F)
3.2 min ||jv — < E - T
52 PEYy! o= ellzee < oy ( 2 ) (gn +1)!

3.3. Tensor product finite element spaces on I' X D: k X h-version.
Here we will discuss some approximation properties of the following tensor product
finite element spaces:

(3.3)
Vi®Xi={y =2y x) € L*T xD): ¢ espan(p(y) x(z): p € VI, x € X} )}

with X,“f and Y;! as in subsections 3.1 and 3.2.
For later use we recall the definition of the standard L?-projection operators
1} L*(T) — Y by

(3.4) (Ifw—w,9) 2y =0 Vo eV, vwe L*T)
and the H{-projection operator Ry, : Hi (D) — X by

(3.5) (V(Rhv —v),VX)r2(py =0 Vx € X vve HYD).
Estimates (3.1) and (3.2) imply

[v—=Rnvllgrpy < Ch|vlazD),

(3.6) ol (m)%“ 108 w|| 2y

q
hw - Wl < 3 (3 (gn + 1)!

n=1

for all v € H?(D) N HY(D) and w € HITHT). We now state an approximation
property for the tensor product finite element spaces defined in (3.3) which is a direct
implication of the approximation properties of the spaces Y, and X ,‘f.

PROPOSITION 3.1. There exists a constant C > 0 independent of h, N, q, and k
such that

inf _ .
we;ﬁ?@Xﬁ [|v ¢||L2(F,H5(D))
(3.7) N\ 08 0l
< h , Fn Yn L (F§H0(D))
< C{ [0l L2 ;2 (D)) + n; ( 2 ) (gn +1)!

for all v € C971(T; H2(D) N H(D)).
Proof. Since II} (Ryv) € V! @ X, using (3.6) we obtain
infycyagxa v ="yl 2 m ) < lv = I (Re0)l 201 ()
< |lv = Ruvll L2 rimz oy
(3-8) +[Rnv — HZ(th)”LQ(F;H(}(D))
< Ch|vll2r;a2(D))
+Rpv — TE(RA)| L2 (0112 (D)) -
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Applying the estimate (3.2) and using the boundedness of Ry, in H} (D) yield

[Rpv = I (Ru) | L2 0yt (y) < v — TR0l L2 (012 (D))

- ZN: B\ 105 ol e sy )
N oyt 2 (qn +1)! .

The estimate (3.7) follows, combining (3.8) with the last estimate. 0O

3.4. Tensor product finite element spaces on I' X D: p X h-version. This
approximation space is in fact a particular case of the k x h-version with no k partition
of T, ie., k, =|T'y|, n =1,...,N. Instead, only the polynomial degree is increased.
Here the multi-index p = (p1,...,pn) plays the role of the ¢ from section 3.3, and we
use the tensor finite element space ZP = ®f¥=1 ZP» where the one dimensional global
polynomial subspaces, ZP~, are defined by ZP» = {v : I';, — R : v € span(y®,s =
0,...,pn)l,n=1,...,N.

4. Monte Carlo Galerkin finite element method. In this section we
describe the use of the standard Monte Carlo Galerkin finite element method
(MCGFEM) to construct approximations of the expected value of the solution.

Formulation of the MCGFEM.

e Give a number of realizations, M, a piecewise linear finite element space on D,
X, as defined in subsection 3.1.

e For each j = 1,..., M, sample iid realizations of the diffusion a(wj,-) and the
load f(wj,-), based on realizations of {Y,,}2_,, and find a corresponding approxima-
tion up(wj, ) € X such that

(4.1) (a’(wja ')Vuh(wjv ')7VX)L2(D) = (f(wja ')vX)Lz(D) Vx € Xl?

e Finally, use the sample average 1 ZJM:1 up(wj; -) to approximate Elu]. 0

Here we consider only the case where X }‘f is the same for all realizations; i.e., the
spatial triangulation is deterministic. The computational error naturally separates
into two parts:

(4.2)

Elu] - % Zuh(%‘, ) = (BElu] - Elus]) + (E[Uh] - % Zuh(w]’w)> =&, +¢&s.

The size of the spatial triangulation controls the space discretization error &, while
the number of realizations, M of uy, controls the statistical error £g.

To study the behavior of the statistical error, let us first consider the random
variable [|€s|f1(py which, due to the independence of the realizations up(wj,-), j =
1,..., M, satishies the estimate

Cp \?
4.3 M E[||&s||%1 < 2 < 2
(4.3) Eslizy o] < Nlenliy ) < (amn> 11z 0y

and a similar result also holds in L?(D). Then, thanks to (4.3) we have that, for
either H = L?(D) or H = H} (D), the statistical error ||£g||z tends a.s. to zero as we
increase the number of realizations; i.e., we have the following.
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PROPOSITION 4.1. Suppose that there exists a constant C' > 0 independent of M
and h such that the statistical error in H norm satisfies

(4.4) M E[||Es||3] < C VM, h.

Then, taking the number of realizations, My, increasingly from the set {2F : k € N},
we have, for any o € (0,1/2) and any choice of mesh size h, limps, 0o Mx®||Eslla =
0a.s.

Proof. Let € > 0. Then (4.4) and Markov’s inequality give
B[(My)**||Es 1] c

< .
2 = e2(My,)1-2

P((Mg)*[|Es [ > €) <

Thus, for @ € (0,1/2) we have

- O 1 C 1
> P(MR|Esllu > ) < ;QZW = ?ZW < %,
k=1 k=1""k k=1
which, together with the Borel-Cantelli lemma, finishes the proof. O

Under the same assumptions as in Proposition 4.1 we have that for any given
€ > 0 there exists a constant C' > 0 independent of ¢, M, and h such that

€ C
4.5 P& >—] <.
@) (1estu> =) <
Thus, within a given confidence level we have the usual convergence rate for the
Monte Carlo method, which is independent of the mesh size h. Next we present error
estimates for the space discretization error, namely, we have the following.
PROPOSITION 4.2 (spatial discretization error estimates). There holds

hllw = unll gy + llw = wnll 20y < CR?||fll2(py a-s.,

W El] = Elunll g (o) + 1 El] = Elunlliz2py < Ch* B[ fI72(p)]"/2.

The results from Proposition 4.2 and estimate (4.5) will be used in section 8 to
compare the MCGFEM with other discretizations for (1.1).

5. Stochastic Galerkin finite element method: k X h-version. This sec-
tion defines and analyzes the k x h-version of the stochastic Galerkin finite element
method (k x h-SGFEM) which, via a Galerkin variational formulation, yields approx-
imations, ug, € Yl @ X,‘f, of the solution u of the parametric elliptic boundary value
problem (2.7).

Formulation of the k x h-SGFEM. Denote by ¢ = (q1,...,qy) € NV a multi-
index, and let I" be a bounded box in R"Y. The k£ x h-SGFEM approximation is the
tensor product, ug, € Yl ® X,‘f, such that

(5.1)
(ukn,V)p = / p (avukhvvw)L2(D) dy = / p (fﬂ/’)La(D) dy V¢ € Ve X
r r
Recall that p : I' — (0,+00) is the density function of the vector-valued random

variable Y : Q@ — I' € R". Hence, the assumption (1.2) on the random function
a(w,z) = a(Y (w), ) reads

(5.2) a(y, ) € [amin, Gmax] V(y,z) €T x D.
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Although the analysis can be generalized [6], we now focus on the practical case
where both a and f are truncated Karhunen-Loéve expansions. Later, section 7
discusses how to compute efficiently gy, the solution of (5.1), by a double orthogonal
polynomials technique. By Lemma 4.1 in [31], the solution u of (2.7) satisfies u €
C*>(T'; H*(D) N H(D)). Use (5.2) and (2.7) to obtain

(5.3) luy, Moy < =2 £y, 2oy Vy €T,

Qmin

where C}, is the constant of the Poincaré—Friedrichs inequality on D. Also, elliptic
regularity yields

(5.4) lu(y, M a2y < Cos1f (Y, )2y VyeT,

where Cp 5 is a constant which depends on D and ||a||ge;w1.0c(py). Finally, take
derivatives with respect to y,, in (2.7), proceed as in the derivation of (5.3), and follow
an inductive argument arriving at

(5.5)
Hint1 , 1
102 u(y, ) g1 (o) < (r)n Cp

8 I +T’n )" ) n 2 07
(qn +1)! amm(H £ (Y5 )2 (D) 1f (s L2py). @

with r, = \/EH%HLm(FxD), andn =1,...,N. As a consequence of (3.7), (5.4), and
(5.5) we have an a priori error estimate for the & x h-SGFEM in the energy norm.

PROPOSITION 5.1. Let u be the solution of the problem (2.7) and uy;, € V! @ X1
be the k x h-SGFEM approximations of u defined in (5.1). If p € L°(T") and f # 0,
then

|u — ugn|l B

Vapll Lo @x oyl fll L2 rsz2 ()

(5. N

dn a 2(T.T2
<ony Loyt (krn> (ll oSl i) +rn>’

Umin £ 2 2 | fllz2(r;L2(py)

where the constant C' depends on D and a and is independent of q,k, h, and u.

The next step is to use Proposition 5.1 together with a duality technique to
estimate the H} (D) and L?(D) errors in the approximation of the expected value of
u(Y, ).

THEOREM 5.1. Let u be the solution of the problem (2.7) and ug, € V! @ X1
be the k x h-SGFEM approximations of u defined in (5.1). If p € L>°(T'), then for
{=0,1 we have

(5.7)
[ BLu(Y )] = Blurn (Y, )| e ot o (kT R\ @O
”SC(h “rZ:l(Q) (2) )

||aP||Loo(rxD)

The constant C depends on D, f, and a, and it is independent of k,q, and h.
Proof. The case £ = 1 follows directly from Proposition 5.1, so we now prove the
case £ = 0. Denote e = u — ug, and use the auxiliary function o that solves

_vw'(a'(y’ ) va(:% )) = E[e]() in D,

(5.8) 4(y,-) =0 on OD.
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Then (5.4) reads

(5.9) a(y, )20y < Cos |Ele]llL2py Vy €T,

and, since FEle] is independent of y, the estimate (5.5) for the problem (5.8) reads

aq"+1a ,*
” n (y )HHé(D) S(Tn)anrlCiDHE[e}”L?(D) vy € T.

Now use Galerkin orthogonality, together with (5.8), to obtain

[ o Elel. ooy dy = [ o (aVe, T~ 0) ) dy V0 € Ve 0 X,
r r

which yields, by the Cauchy—Schwarz inequality,

(5.11) |Ele)3a ) < Bi B,

with

1

2

B = ( / o IVa VellZap) dy)

and

2

By = inf (/Fp IVa V(i@ = )72 dy)

d
PeY QX

Next observe that By can be bounded using (5.6). Finally, use (3.7), (5.9), and
(5.10) to bound By as follows:

(5.12)

N +1 1y

33 3 N ke \ 102 | 2 012 (D))

By < C”ap”iW(FxD) {h||u||L2(F;H2(D)) + Z (2) Y (G + 1! =
n=1 n :

N +1
i Ch rn k an
< Cllapllfe ripe(py) <h+ —> (2) ) I1E(e]l z2(p).-
min 3

Combining (5.11), (5.6), and (5.12), the estimate (5.7) follows. O

The estimates given in Proposition 5.1 and Theorem 5.1 give the optimal order
of convergence with respect to k but are not optimal with respect to ¢. They can
be improved by the analysis given in section 6, yielding exponential convergence with
respect to g without the need to decrease k.

6. Stochastic Galerkin finite element method: p X h-version. The goal
of this section is to analyze the p x h-version of the SGFEM method, which does
not refine the set I'. This method yields an exponential rate of convergence with
respect to p, the degree of the polynomials used for approximation; cf. Theorem 6.2.
The application of the p-version in the y-direction is motivated by the fact that u is
analytic with respect to y € I'; c¢f. Lemma 6.1. The basic assumption for this section
is the following.
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Assumption 6.1. Let T, = [li<j<n jzn s and let g, be an arbitrary element of

[,,. Then for each §,, € I',, let @y, (4,) = minge p{Ela](z)+ do1<j<N jzn VA0 (@)y5},
and assume a slightly stronger uniform coercivity requirement; i.e., there exists a
constant v > 0, independent of N, such that

an(9n) — vV Aullball Lo (D) max ly >v>0 Vg, el,. D

Observe that with the above construction we have 0 < v < @.nin-
p X h-version of the SGFEM method. The p x h-version SGFEM approximation
is the tensor product ul € ZP ® X{ (cf. section 3.4) that satisfies

(6.1) (ufl,x)EE/Fp(aVui,Vx)LQ(D) dy:/rp(f,x)LQ(D) dy VxeZP @ X{.

6.1. Error estimates. A first step in the analysis of the p x h-version is to
study the energy error, i.e., to consider

— p < o] i -
[u—uplle < \/ lpallr (I'x D) vegfl’l(}gX;f [u UHL2(F)®H3(D)
< al| oo min uU—v
=/ llpall (FxD){ e 2P (D) [ ||L2(r)®H3(D)

+ min U—v .
il |

This bound splits the error into an L?(I") approximation error and a standard H¢ (D)
FEM approximation error. The rest of this section studies the first one, since for
the second we can apply the results from Proposition 3.1 together with a density
argument. The minimizer

u—uP = min uU—v
= iaeremso = _min, 0= vliswerno

is the projection w? = (II; ...1Ix)u with II,, : L*(T") ® HY(D) — L*(T') ® H}(D)
being the natural extension of the L? projection II,, : L%(T,,) — ZP», so the difference
u —uP splits into v —u? = (1 —=I)u+ -+ (II; ... IIy_1)(1 — Hyx)u. In addition,
the boundedness of the projections II,,, n =1,..., N, yields

N
(6.2) lu = uP|[L2(ryomi (D) < Z (1 = Tn)ull L2 (ryem2 (D)

n=1

Without loss of generality we now estimate the first term on the right-hand side of
(6.2), since the other terms have a completely similar behavior. Moreover, since

10~ Tl g = [ ([ 10~ Tt oy ) i
1 1

it is enough to estimate

(6.3 (B0 = [ 10 =T, ) sy o
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and thus our analysis requires only one dimensional arguments in the y-direction. Let
Tt = (Ymins Ymaz ), and consider the map ¥ : [—1,1] — H} (D) defined by

U(t) = ulyi(t),41,-) € Hy(D)

with the affine transformation, y; : [—1,1] — I'y, yy (t) = (Ymeetimin) 4 (Ymee—tmin) ¢,
In the upcoming estimate of the quantities ||dn||Hé(D), to be proved in Lemma 6.2,
we need to consider a continuation of ¥ to the complex plane, namely, the following.

LEMMA 6.1 (complex continuation). The function ¥ : [~1,1] — Hg(D) can be
analytically extended to the complex domain.

Proof. Let ty € (—1,1). We shall prove that the real function ¥ can be represented
as a power series for |t —tg| < ry, for some ry, > 0. Since ¥ depends linearly on f, let
us assume that f(y,z) = f(z) only, without loss of generality. Let y(¢t) = (y1(t), 1),
and consider the formal series

unlt) = *f (|r1|<t2 t0>)juj,

=0

with u; € Hg (D) satisfying

(6.4) / a(y(to), )Vug - Vo = / fv Vv e H(D)
D D

and, for 7 > 0,

(6.5) /Da(y(to),-)Vuj+1-Vv: — /D\/Eblvuj.vv Vv € HL(D).

C )
This construction implies ||u; || z1(p) < (‘/)‘1HWHLOO(D))J%, j>1,and
then

< Collfllzzpy 1

UF|| gt < 0

L
_ lt—to||Ta VX

for q = | Ol‘zllﬁna(y(btlo),-)HL‘”(D) < 1. Thus, for any ¢y € (—1,1) and |t — &o] <

Tt 2 , the function ur can be represented as a power series

= b

|F1|m“ a(y(tlo),-) HL“’(D)
in t —tg. At the same time, we have the equality up(t) = ¥(¢) for ¢ € (—1,1) since
both functions solve the linear elliptic equation

=V - (a(y(t),z) Vu(y(t),z)) = f(z) Vx € D,
u(y(t),z) =0 Vx € 4D,

which has a unique solution. Then u is the analytic continuation of ¥, and the proof
is complete. a

Remark 6.1. Consider the natural extension of the real variable ¢ to the complex
variable 7. Observe that ¥(n) from Lemma 6.1 solves

=V (a(y(n),z) V¥(n,z)) = f(x) Vo e D,

(6.6) U(n,z) = Vo € 0D.
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Following [24], we use the Legendre polynomials to prove approximation estimates

for the p x h-version of the SGFEM. Since the Legendre polynomials
1 d»
2npl dtn

pn(t) = ((tg—l)”), n=0,1,...,

are orthogonal with respect to the L2?(—1,1) inner product we have the error
representation

(6.7) (E1)2(y1):71 > m”dnﬁ{é(D)

n=pi+1

with the corresponding Fourier coefficients

1
d, = %/ U()pn(t)dt € HY(D).
—1

Therefore, to obtain an estimate for E; we shall study the convergence of the tail
series in (6.7).

NOTATION 6.1. For each 1 € f‘l, consider the natural extension of the variable
t to the complex n and introduce the real function, A:C — R:

A(n) = min Re{a(y1(n), 91, 2)}
= minfa(0, 1, z) + y1(Re{n})v/ b1 (@),

with Re{n} being the real part of n € C. Whenever A(n) # 0, the extended function
U, the solution of (6.6), satisfies the bound

1/ (2 (n), 15 )l z2(p)

(6.8) D ryp) < Cp

A(n) ’
with Cp being the Poincaré constant for the domain D. Besides this, observe that
(6.9) A(n) =2 ar(91) — lyr(Re{n})| vV Arllb1l| L= (D)

We are now ready to estimate the Fourier coefficients in (6.7).
LEMMA 6.2. LetT € (0,1). Under Assumption 6.1 there exists a positive constant
0f(91,7) > 0 such that

Cp 0 2n+1) [*/ 1—t2 \"
||dn||H01(D)S b b )/ ( )dt;

TV2n 1 t+ 1+6
. _ 2(1—7)v
with 0 < 6 = ATl o)
Proof. Consider
n+1 [* (2n 4 1)(-1)™ [* d» )
d, = U(t)p,(t)dt = ———"— — W (t)(1 —t*)"dt.
o [ wwao = S [ e -

Use the analytic continuation of the real function ¥ to the complex domain as in
Lemma 6.1. The application of Cauchy’s formula gives

oo ni(=1)" W (n)
dT"\P(t) o 2mi [ﬁ (n—t)nt! i,
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where ; is a positively oriented closed circumference with the center at the real point
€ (—1,1), with radius R(t), and such that all singularities from ¥ are exterior to ;.
Estimate (6.8) implies

dn C n! ||f y1,~)HL2 D
Hl(D) Ve n
OD n! |d77|

6.10 L A |n — ¢n+1
(6.10) < up |1 (ya(n), 91, )|L2(D)> /% A — t]

CD o (sup I1f (w1 (m), 91, ) ) sup ——

1 1,°)]z2 .

USSP o) neye An)

Let

0y = sup sup [|[f(y1(n),91,)llz2(D)
te[—1,1] nE€ve

then estimate (6.10) implies

(2n 4+ 1)Cpby /1 1 1—¢2\"
6.11 dnllg1py < : dt.
( ) || HHO(D) — 2n+1 _1 lanE’Yt A(’I’]) R(t)

Let 7 € (0,1). We want to choose R(t) such that

6.12 f f A(n) >
( ) tefnl 1] 7712% (77) s

Since Assumption 6.1 holds, then (6.12) is satisfied taking R(t) = 1 — || + 8, with

— 2(1—7)v ; . ini _
6= E VA Tor <o) Finally, the proof concludes by combining (6.11)—(6.12) and the

definition of R(t). O
Now we use a result from [24], namely, that we have the following.
LEMMA 6.3 (integral estimate). Let & < —1, and define

r=———— 0<r<l.

€]+ €2 -1

Then there holds

n ! t2_1 " _ non+1 n! 2

where ®,,o(r?) is the Gauss hypergeometric function. Moreover, we have

M+O( 1/3)

uniformly with respect to 0 < r < 1.

Finally, we can state the estimate for the size of the series in (6.7).

LEMMA 6.4. Let T € (0,1). Under Assumption 6.1 there exists a positive constant
05 > 0 such that

(E1)() < Cngczl/ﬁ (\/7—1— @ <(
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. 2(1—7)v
with r = e O0<r<l,and &< —(1+ —IFl\x/EllblHLoo(D))'

Proof. Use Lemmas 6.2 and 6.3, together with the asymptotic equivalence
~ /%55 n — 00, yielding

2Cpo ra—
||d7l||H1(D)< D f 1_T2+O 1 3
0 Tal /

Then use the result to estimate the tail of the series:

(2n)!!
(2n—1)N

+oo
Gy =20 3 2 e 0
R T L)
n=pi

The main result of this section, namely the exponential convergence with respect
to the multi-index p as in [24], follows from the above lemmas; i.e., we have the
following.

THEOREM 6.2. Let 7 € (0,1) and u be the solution of (2.6), u € L?(I') ® H}(D),
which is analytic with respect to y, onto the subspace ZP @ H} (D). Under Assumption
6.1 there exist positive constants, 0 < C,Cy, such that

E, = i -
P vEZl%lll;lé(D) [|u U||L2(r)®Hg(D)
(6.13) e N
DY f 1 1 +1
< 9% Iy (14 o( ) PP,
VT 'Z< 2\ )) O
_ 2(1—7)v _
with 0 < r, = T 5%_1 <l,and & < —(1+ —IFn,I\/TngnHLoow)) forn=1,...,N.

Similarly, as in the & x h-version (cf. (5.7)), the p-version has a convergence
result for the approximation to the expected value of the solution.

THEOREM 6.3. With the same assumptions as in Theorem 6.2 and for { = 0,1,
we have

N

1
|E[u —up]ll repy < C(h“ ;Z <2—e>(pn,+1)>’

with 0 < r, <1 as in Theorem 6.2 and C' > 0 independent of h, py,, and ry,.

The proof of the previous theorem uses Theorem 6.2 and is completely similar to
the proof of Theorem 5.1.

Remark 6.2. Whenever the coefficients a and f are independent the constants
0¢ from Lemma 6.2, C'y from Theorem 6.2, and C' from Theorem 6.3 do not depend
on N.

7. Double orthogonal polynomials. Here we explain the idea of double or-
thogonal polynomials, used by various authors in different contexts; see, e.g., [47] to
compute efficiently the solution of the k x h-version and the p x h-version studied
in sections 5 and 6, respectively. The idea is to use a special basis to decouple the
system in the y-direction, yielding just a number of uncoupled systems, each one with
the size and structure of one Monte Carlo realization of (4.1). The double orthogonal
polynomials are able to perform the decoupling whenever the random variables in the
Karhunen—Loeéve expansion of a,Y,,,n =1,..., N, are independent.
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Without loss of generality we focus on the p-version, i.e., find u} € ZP @ X ,Cf such
that

/FP(y)(a(y’ )V’U,Zh)(y, )7 Vv(y, ))LZ(D)dy
(7.1)
= /Fp(y)(f(y, ), 0(y, ) 2pydy Vv € 2P @ Xi.

Let {1;(y)} be a basis of the subspace Z? C L?*(T') and {¢;(x)} be a basis of the
subspace X C H}(D). Write the approximate solution as

(7.2) up (y, ) = Zuijwj(y)%(x)

and use test functions v(y,z) = Yr(y)pe(x) to find the coefficients w;;. Then (7.1)
gives

Z (/F pW) k(Y)Y (y)(aly, ) Ve, VSDZ)L2(D)dy> Ui

=/Fp(y)wk(y)(f(y,-),soe)m(mdy Vk, ¢,

which can be rewritten as

3 ( / p(y)zwk(y)wj(y)f(i,e(y)dy) wy = [ o)y i

Jrt

with K;(y) = (aly, )V, Vor)rzpy and fo(y) = (f(y,-): pe)rz(py- I the diffu-
sion coefficient, a, is a truncated Karhunen-Loeve expansion, a(y,z) = Ela|(z) +
Zﬁ;l b (2)yn, and by the independence of the Y,,n = 1,..., N, we have a corre-
sponding “Karhunen-Logve” expression for the stiffness matrix K; ¢(y) = [, (Ela](z)+
2712/:1 b (2)yn)Vi(z) - Vou(z)de = ng + 25:1 yn K}, with deterministic coeffi-
cients Ky, = (E[a]Vei, Vi) r2py and K[y = (b,V@i, Vior)2(py- By the same
token we have

/F p(y) Uk (y); () Kio(y)dy = K, /F p(W) (Y)Y, (y)dy

N
+ Kﬁe/rynp(y)wk(y)wj(y)dy.

Since ¢ € ZP, with multi-index p = (p1,...,pN), it is enough to take it as the
product ¢ (y) = Hi\;l Yir(yr), where tg,: T, — R is a basis function of the subspace
ZPr =span(l,y,...,y""] = span[p, : h=1,...,p, + 1].

Keeping this choice of ¥ in mind,

N
/F p() k()05 (y) Kie(y)dy = K7y /F 1T pm W)k Ym0 () dy

N N
32K [ 0 TL s ()
n=1

m=1
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Now, for every set I'y,, n = 1,..., N, choose the polynomials, ¥,(y) = HnN:1 Yin(Yn),
to be biorthogonal; i.e., for n = 1,..., N they must satisfy

/ P (2 on (2)bjm (2)dz = b,
(7.3) F
/F 2P () bkn (2)0gm (2)z = canbi.

To find the polynomials i, we have to solve N eigenproblems, each of them with size
(14 pn). The computational work required by these eigenproblems is negligible with
respect to the one required to solve for w;j; cf. [23, section 8.7.2]. The orthogonal-
ity properties (7.3) for 4y imply the decoupling [ ptxt;dy = Ok, [ ynptrthjdy =
Ckn0kj- By means of this decoupling we now conclude that

([ st mKama)

Jst

=Ky /F (W) r (Y)Y (y)dy + ;Klfe /F Ynp (V) r(y); (y)dy

N
= (K,?’g + chn K;'k) Okj-
n=1

The structure of the linear system that determines u;; now becomes block diago-
nal, with each block being coercive and with the sparsity structure identical to one
deterministic FEM stiffness matrix, i.e.,

— N .
(K0+ ST Cin K”> 0 0
n=1 N
0 <K0+ zc%m) 0
n=1
N.
0 0 <K°+ > enn K”)
L n=1 -

Observe that as a consequence of the uniform coercivity assumption, each of the diag-
onal blocks in the system above is symmetric and strictly positive definite. The con-
clusion is that the computational work to find the coefficients u,; in (7.2) is the same
as the one needed to compute Hfil(l + p;) Monte Carlo realizations of u;, defined in
(4.1), but the accuracies of these methods may differ. Section 8 studies this issue.

8. Asymptotical efficiency comparisons. In this section we compare
the asymptotical numerical complexity for the Monte Carlo Galerkin finite element
method (cf. section 4) with the stochastic Galerkin finite element method introduced
in sections 5 and 6. The quantity of interest, i.e., the goal of the computation, is
the expected value of the solution, E[u], and its approximation is studied in both
the L?(D) and the H{(D) sense. In all the cases, the spatial discretization is done
by piecewise linear finite elements on globally quasi-uniform meshes. For the k x h-
SGFEM the I' partitions are also assumed to be globally quasi-uniform. Besides this,
the diffusion function a is assumed to be a truncated Karhunen—Loéve expansion with
independent random variables Y,,, n=1,..., N.
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8.1. MCGFEM versus k X h-SGFEM. Here we consider the computational
work to achieve a given accuracy bounded by a positive constant TOL for both the
MCGFEM and the k£ x h-SGFEM methods. This optimal computational work in-
dicates under which circumstances one method may be best suited. When using the
MCGFEM method to approximate the solution of (1.1) in HZ (D) the error becomes,
applying Proposition 4.2 together with (4.5), that given a confidence level, 0 < ¢y < 1,
there exists a constant C' > 0 depending only on ¢y such that

(8.1) P< §C<h+\/1ﬂ>> > co.

Then in the sense of (8.1) we write Fycerpn = O(R) + O(1/+/M). The correspond-
ing computational work for the MCGFEM method is Workycereyn = O((1/h%)" +
1/h%)M, where the parameter 1 < r < 3 relates to the computational effort devoted
to solve one linear system with n unknowns, O(n”). From now on we continue the
discussion with the optimal » = 1 that can be achieved by means of the multigrid
method; cf. [10]. Thus, choosing h and M to minimize the computational work for a
given desired level of accuracy TOL > 0 yields the optimal work

1 M
Blu) =+ un(5wy)
j=1 Hy(D)

(8.2) Work?, ooppy = O(TOL™G+),

On the other hand, if we apply a & x h-SGFEM with piecewise polynomials of
order g in the y-direction, the computational error in H} (D) norm is (cf. Theorem 5.1)

ESGFEM = O(h) + O(kq+1)7
and the corresponding computational work for the k x h-version is
Workserea = O(h™ 1+ q)VE=N).

Here N is the number of terms in the truncated Karhunen—Loéve expansion of the
coeflicients a and f and k is the discretization parameter in the y-direction. Similarly
as before, we can compute the optimal work for the & x h-SGFEM method, yielding

Work? = O0((1+¢)NTOL™ T TOL ™).

SGFEM

Therefore, a k x h-version SGFEM is likely to be preferred whenever TOL is suf-
ficiently small and N/2 < 1+ ¢; i.e., if the number of terms in the Karhunen—
Loeve expansion of a is large, then the degree of approximation in the y-direction,
q, has to become correspondingly large. We summarize the comparison results in
Table 1, where we also include corresponding results from the p x h-version, to be
derived in subsection 8.2. Similarly, if we are interested in controlling the difference
| E[u] — Elun]||z2(p), the application of (4.2) and Proposition 4.2 for the MCGFEM
method and Theorem 5.1 on the convergence of the k& x h-SGFEM method imply the
results shown in Table 2. In this case k x h-SGFEM is likely to be preferred when-
ever N/4 < (¢g+1) and TOL is sufficiently small. In addition, the comparison tells us
that to be able to be competitive with the Monte Carlo method when the number of
relevant terms in the Karhunen—Loeve expansion is not so small, an optimal method
should have a high order of approximation and should avoid as much as possible the
coupling between the different components of the numerical solution to preserve com-
putational efficiency. The approach proposed by Ghanem and Spanos [22] based on
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Approzimation of the function E[u] in H}(D).

MCGFEM and SGFEM methods.

TABLE 1

Asymptotical numerical complexity for the

MCGFEM k x h-version SGFEM | p X h-version SGFEM
N N
Work M/hd gt fori
H}(D) Error h+ ﬁ h+ katl h 4 r(P+1)
N
H}(D) Work* | TOL™+d) TOL™ a+1 TOL ¢ (log,.(TOL))NTOL ¢

TABLE 2
Approzimation of the function Eu] in L2(D). Asymptotical numerical complexity for the
MCGFEM and SGFEM methods.

MCGFEM k X h-version SGFEM p X h-version SGFEM
N N
Work M/h? SR Qtn—
L%(D) Error h2 + ﬁ h2 + k2(g+1) h2 4 p2(p+1)
__N
L2%(D) Work* | TOL=(2+d/2) | (TOL)™ 2@+D TOL~%/2 | (log,(TOL))NTOL~4/2

orthogonal polynomials has, whenever the approximate diffusion satisfies (1.2), a high
order of approximation but introduces coupling between the different components of
the numerical solution. The uncoupling can be achieved for linear equations using
double orthogonal polynomials; see the description in section 7. With this motiva-
tion, section 6 studies the convergence of the p x h-SGFEM.

8.2. MCGFEM versus p X h-SGFEM. Here we consider the computational
work to achieve a given accuracy for both the p x h-version of SGFEM defined in
(6.1) and the MCGFEM method for the approximation of E[u] defined in section 4;
i.e., we are interested in controlling the difference ||E[u] — E[u}]||2(p) or ||Efu] —
ﬁ Z]A/il un(-;wj) | L2(py, respectively. This computational work indicates under which
circumstances one method may be better suited than the other. Besides this, let us
assume that we use in our computations a piecewise linear FEM space in D. When
using the MCGFEM method to approximate the expected value of the solution of
(1.1), we have the optimal work required to achieve a given desired level of accuracy
TOL > 0 (cf. (8.2)):

Worklyegrsn = O(1/TOL?T%).

On the other hand, if we apply a p x h-version of the SGFEM, with p; = p, i =
1,..., N, the computational error is (cf. Theorem 6.3)

Escren = O(hz) + O(T2(p+1)), O<r<l,
and the corresponding computational work is (cf. section 7)

1+p)N
Worksgrm = O <(hdp)> .
Recall that N is the number of terms in the truncated Karhunen—Loéve expansion of

the coefficients a and f, and k is the discretization parameter in the y-direction. As
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before, we can compute the optimal work for the SGFEM method, yielding
Worke e < O((log,(TOL)NTOL™2)

and the asymptotical comparison

k*
im VO KSeren . _ i (log (TOL)NTOL? = 0,
TOL—0 Worky,coppy  TOL—0

Therefore, for sufficiently strict accuracy requirements, i.e., sufficiently small
TOL, in the computation of Flu], SGFEM requires less computational effort than
MCGFEM. The work of Bahvalov and its subsequent extensions (cf. [7, 25, 45, 35])
generalize the standard Monte Carlo method, taking advantage of the available
integrand’s smoothness and yielding a faster order of convergence. The optimal
work of such a method is for our case, i.e., the approximation of E[u] in L?(D),
(’)(C’(N)TOLW/HIQ/N TOL™%?), where it is assumed that the integrand u has
bounded derivatives up to order ¢ with respect to y and the integral is done in the
N-dimensional unit cube.

The result on the computational work of the p x h-version of the SGFEM pre-
sented in this work is then related to the case ¢ = oo, since u is analytic with re-
spect to y. This analyticity allows the exponential convergence with respect to p; cf.
Theorem 6.3.

Notice that we discussed only the optimal asymptotical computational work re-
quired by both methods, but in practice the constants involved in the asymptotic
approximations make these comparisons just indicative and not conclusive. In addi-
tion, we have studied only the case where the integrals fFi piyFdy can be computed
exactly for K = 0,1,..., and not considered the more general case where quadrature
rules are needed to approximate such integrals. For further information we refer the
reader to [6].
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